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Using thermodynamic relations and dimensional analysis we derive a general formula for the
thermodynamical trace 2E − DP for nonrelativistic systems and E − DP for relativistic systems,
where D is the number of spatial dimensions, in terms of the microscopic scales of the system within
the grand canonical ensemble. We demonstrate the formula for several cases, including anomalous
systems which develop scales through dimensional transmutation. Using this relation, we make
explicit the connection between dimensional analysis and the virial theorem. This paper is focused
mainly on the non-relativistic aspects of this relation.
PACS numbers: 5.70.Ce, 67.85.-d,11.10.Wx
I. INTRODUCTION
The quantity 2E −DP for non-relativistic systems, or E −DP for relativistic systems, where E is the thermal energy
density, D the number of spatial dimensions, and P the pressure, plays an important role in physics. For example,
this quantity is the thermal analog of the trace of the improved stress-energy tensor which is a measure of dilational
symmetry-breaking and which plays a central role in the renormalization group [1–3].
In non-relativistic physics, 2E − DP can be used as a measure of deviations of real gases from ideal ones.
Traditionally, such deviations are measured by giving the two systems the same value for two of their thermo-
dynamic variables, and taking the difference between them for a third. For example, the difference in pressure
between a real gas and an ideal one at the same temperature and density can be written approximately as
the virial equation: Preal − Pideal = ρkT
(
B2(T )ρ+B3(T )ρ
2 + ...
)
[4]. For ideal gases, and in general non-
anomalous scale-invariant systems, 2E − DP = 0. Therefore at constant pressure and volume, one can define
(2Ereal −DP ) = (2Ereal −DP ) − (2Eideal −DP ) = (2Ereal − 2Eideal) ≡ 2Eres, so that (2Ereal −DP ) equals twice the
residual internal energy characterizing the departure of the system from ideal [5]. In other words, for any system,
2E − DP is equal to the difference in its energy from any non-anomalous scale-invariant system’s energy at the
same V and P . For ultracold gases interacting via contact interaction, 2E −DP is proportional to the Tan contact
λ2〈ψ†↑ψ†↓ψ↓ψ↑〉 [6]. Many universal relations depending only on the contact exist, independent of the exact details of
the experimental setup [7, 8].
For systems that are scale invariant at the level of the classical action, a non-zero value of 2E − DP signifies a
quantum anomaly, so that 2E −DP measures quantum anomalies. Previously, it was shown that even in anomalous
non-relativistic systems, 2E −DP can be expressed as a functional determinant via use of Fujikawa’s path integral
methods [9–12]. Therefore, one can potentially extract information about β(C) and hence obtain information from
or even solve the scattering problem by extracting information from the thermodynamic problem.
In this paper we derive a simple expression for 2E −DP from dimensional analysis and thermodynamics, independent
of quantum mechanics or field theory and independent of Noether’s theorem and canonical commutation relations.
In this paper we will use units where h¯ = m = kB = 1. The units for all quantities can then be written as
h¯imjkkBL
ℓ = Lℓ, where L is a variable in the problem with units of length. We will define [gk] = ℓ, and call ℓ the
dimensions of the variable gk.
With this convention, 2E − DP = ∑
k
[gk]gk
∂P
∂gk
, where E = EV is the thermal energy per unit volume, P is the
pressure, and D is the number of spatial dimensions. In this formula gk are the microscopic parameters of the
theory, and [gk] are the dimensions of these parameters. The derivatives w.r.t. microscopic parameters are taken at
constant temperature β−1, volume V , and chemical potential for each species µi. The LHS is written in terms of pure
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Such an equation can be seen as connecting thermodynamics on the LHS (variables characterizing the macrostate)
and statistical mechanics on the RHS (microscopic variables that are system dependent). In particular, for a theory
in which all the couplings are dimensionless (in the sense that they have no length dimension as defined above),
[gk] = 0, and one might expect the system to be scale invariant with 2E − DP = 0. However, for such systems,
we show 2E − DP = −β(C)∂P∂C . The microscopic parameters gk of a system usually appear in its Hamiltonian as
coupling constants, except in the case of dimensional transmutation. The latter leads to a new scale appearing in the
pressure P , and in the literature this is called a quantum anomaly [13]. Therefore 2E −DP is also a measure of the
anomaly for classically scale-invariant systems.
The relativistic generalization is E − DP = ∑
k
[gk]gk
∂P
∂gk
. It was shown in [14, 15] that the trace of the improved
stress-energy tensor in relativistic λφ4 has the property θ00 −∑
i
θii = m2φ2, where the mass term represents a
dilational symmetry-breaking term and the improved stress-energy tensor θµν is related to the canonical one T µν by
θµν = T µν + D−14D
(
gµν∂2 − ∂µ∂ν)φ2 [16]. Identifying θ00 as E and ∑
i
θii = DPH , where PH is the hydrodynamic
pressure, one derives the thermal analog. θii is equal to the hydrodynamic pressure [17]: however, in equilibrium,
the thermodynamic pressure P equals PH via the virial theorem (although anomalies can complicate matters [18]).
Therefore deriving this expression from the stress-energy tensor requires an improvement of the stress-energy tensor,
and an identification of field variables with thermodynamic variables. Similarly, the canonical stress-tensor Tij for
nonrelativistic fields can be improved to θij = Tij +
D
4(D−1)
(
δij∇2 − ∂i∂j
)
(ψ†ψ) such that 2θ00 − θii, which can be
identified with 2E −DP , gives the divergence of the dilation current [19]. We avoid the complications of having to
construct the improved stress-energy tensor, or having to work in the context of field theory, by working directly
within thermodynamics. We show the consistency of the equation for a variety of cases, with and without anomalies,
and then we show that starting from 2E −DP =∑
k
[gk]gk
∂P
∂gk
, one can derive the virial theorem, further illustrating
the correctness of the expression and showing the relationship between scaling and the virial theorem. The relativistic
case is also considered.
While the emphasis of this paper is on structural aspects of the thermodynamical traces 2E − DP and E − DP
(nonrelativistic and relativistic cases respectively), we have included in section IV a few examples that connect our
results with the literature and illustrate how to apply the techniques developed here. In our recent work [9–11, 20]
we have aimed at offering a different approach and new perspectives to the study of the type of systems presented
here. We hope to use the insight gained to apply these techniques and concepts to other problems and systems [21].
II. PROOF OF RELATION
For ease of presentation, take the independent, dimensionful microscopic parameters gk of our theory, and form new
parameters Ek with dimensions of energy by raising gk to the appropriate power, and rewrite the pressure in terms
of these new variables1. The grand potential Ω = Ω(β, µi, V, Ei) for a homogeneous system in D-spatial dimensions
must have the form
Ω(β, zi, V, Ei) = V β
−1−D2 f(zi, βEi), (1)
where f(zi, βEi) is a dimensionless function of dimensionless variables, and zi = e
βµi is the fugacity corresponding
to µi. The reason Ω must have this form is because β and µi don’t depend on the absolute size of the system (they
are intensive variables). If one doubles the system keeping β and µi constant, then Ω, being an extensive quantity,
should double. So Ω must be proportional to V. To make up for the remaining dimension ([Ω] = −2), we are free to
pull out one of the dimensionful arguments of Ω, and the rest of the arguments must be ratios with the argument we
pulled out. We will pull out β. This is equivalent to choosing our scale as β and measuring all other quantities in
units of β.
1 e.g. if one has a scattering length a, replace it with the variable Ek = 1/a
2 = h¯/ma2.
3Now take the derivative of Eq. (1) w.r.t. to β at constant fugacity zi and volume V , and multiply times β:
β
∂Ω
∂β
∣∣∣∣
zi,V
=
(
−1− D
2
)
Ω + V β−1−
D
2 β
∂f(zi, βEi)
∂β
∣∣∣∣
zi
=
(
−1− D
2
)
Ω + V β−1−
D
2 β
[∑
k
Ek
β
∂f(zi, βEi)
∂Ek
]∣∣∣∣∣
zi
=
(
−1− D
2
)
Ω +
∑
k
Ek
∂Ω
∂Ek
.
(2)
Now, we use the thermodynamic identity E = ∂(βΩ)∂β
∣∣∣
zi,V
= Ω + β ∂Ω∂β
∣∣∣
zi,V
.
2E −DPV = 2
(
Ω + β
∂Ω
∂β
∣∣∣∣
zi,V
)
−DPV
= 2
(
Ω +
(
−1− D
2
)
Ω +
∑
k
Ek
∂Ω
∂Ek
)
−DPV
= −2
(
P +
(
−1− D
2
)
P +
∑
k
Ek
∂P
∂Ek
)
V −DPV
= −2
∑
k
Ek
∂P
∂Ek
V
2E −DP = −2
∑
k
Ek
∂P
∂Ek
.
(3)
For 0-temperature, we lose β as a scale. Instead we use µ1, where µ1 is the chemical potential for one of the particles:
Ω = V µ
1+D/2
1 f
(
µ1
Ei
,
µ1
µj 6=1
)
, (4)
The calculation is done in appendix B.
In general, as long as the theory has microscopic parameters gi that have dimensions of length (and not necessarily
energy or L−2, then by forming appropriate dimensionless variables xi = β−
[gi]
2 gi for the argument of Ω(β, z, V, gi) =
V β−1−
D
2 f(z, β−
[gi]
2 gi), then one gets:
2E −DP =
∑
k
[gk]gk
∂P
∂gk
. (5)
Alternatively, one can note that Ek = g
− 2
[gk]
k , and apply the chain rule to Eq. (3) to get Eq. (5).
III. RELATIVISTIC SYSTEMS
In relativistic theories, h¯ = c = kB = 1, and mass attains a dimension equal to 1/L. The units for all quantities can
then be written as h¯icjkkBL
ℓ = Lℓ, and we define the dimensions of the parameter gk as [gk] = ℓ. The grand potential
Ω has [Ω] = −1 rather than the NR case [Ω] = −2, and can be written as:
Ω(β, zi, V, Ei) = V β
−1−Df(zi, βEi). (6)
Following more or less the same steps as before one derives:
4E −DP =
∑
k
[gk]gk
∂P
∂gk
, (7)
where again as in the nonrelativistic case, the derivatives are taken w.r.t. constant β−1, V , and µi.
IV. EXAMPLES
A. No anomalies, no dimensionful parameters
The Tonks-Girardeau gas [22, 23] is a 1-dimensional gas of bosons interacting via a two-body contact potential
V = 2gδ(xi − xj) in the limit g → ∞. At zero temperature, E = π26 ρ3 and P = π
2
3 ρ
3. Since the only dimensional
parameter grows without bound, the gas is scale invariant, and hence by Eq. (5):
2E − P = 0. (8)
B. No anomalies, dimensionful parameters
For a contact-interaction Bose gas at zero temperature (i.e. L = ψ†
(
i∂t +
∇2
2
)
ψ − g2
(
ψ†ψ
)2
), in odd dimensions
D = 2n+1 (perfectly finite in dimensional regularization, no anomalies), one can make the following 1-loop calculation
for small coupling [24, 25]
Ω =
(
−1
2
µ2
g
− LD µD2 +1
)
V, (9)
where Ω is the grand potential, LD =
Γ(1−D2 )Γ(D+12 )
2π
D+1
2 Γ(D2 +2)
is a pure number that depends only on dimension. We will
verify Eq. (5) by computing the LHS involving macroscopic thermodynamic parameters by using thermodynamic
relations on Eq. (9). Then we will calculate the LHS of Eq. (5) by differentiation w.r.t. microscopic parameters of
Eq. (9), and compare the two results.
For the LHS, the following thermodynamic identities will be used, true for any homogeneous system:
Ω = −PV,
Ω = E − TS − µN ⇒ E = Ω+ µN,
N = −∂Ω
∂µ
.
(10)
Calculating N for Eq. (9) using Eq. (10):
N =
(
µ
g
+ LD
(
D
2
+ 1
)
µ
D
2
)
V. (11)
Therefore:
2E −DPV = 2(µN − PV )−DPV = 2µN − (D + 2)PV
= 2µ
(
µ
g
+ LD
(
D
2
+ 1
)
µ
D
2
)
V + (D + 2)
(
−1
2
µ2
g
− LD µD2 +1
)
V
=
([
1− D
2
]
µ2
g
)
V
2E −DP =
([
1− D
2
]
µ2
g
)
.
(12)
5Now make the same calculation but using the microscopic scales. Since we restrict ourselves to D = 2n+ 1, there is
no renormalization scale as everything is perfectly finite, a feature peculiar to odd dimensions [26]. However, there is
a microscopic length scale associated with the coupling g, where [g] = D − 2:
∂P
∂g
[g]g =
−∂ (ΩV )
∂g
(D − 2)g =
([
1− D
2
]
µ2
g
)
. (13)
The above calculation was performed for small coupling g so that perturbation theory could be used, but the relation-
ship is in fact general. The Lieb-Liniger model which describes N bosons in one dimension interacting via a two-body
contact potential interaction H = −
N∑
i
1
2
∂2
∂x2
i
+
∑
i<j
2gδ(xi − xj) is exactly solveable in quantum mechanics, and the
thermodynamic limit N,L → ∞ with NL = ρ = constant can be taken [27]. Approximate closed-form solutions exist
for large and small g at zero temperature. For large coupling:
E =
√
2µ3/2
3π
+
4µ2
3π2g
+
14µ5/2
3
√
2π3g2
+
32
(
100− 9π2)µ3
405π4g3
,
P =
2
√
2µ3/2
3π
+
4µ2
3π2g
+
14
√
2µ5/2
9π3g2
+
16
(
100− 9π2)µ3
405π4g3
,
−g ∂P
∂g
=
4µ2
3π2g2
+
28
√
2µ5/2
9π3g3
+
16
(
100− 9π2)µ3
135π4g4
.
(14)
In the limit g√µ →∞, the residual energy goes to zero and one gets the Tonks-Girardeau gas of Eq. (8).
For small coupling:
E = µ
2
4g
+
µ3/2
3π
,
P =
µ2
4g
+
2µ3/2
3π
,
−g ∂P
∂g
=
µ2
4g
,
(15)
which agrees with the Bogoliubov approximation of Eq. (12) when g → g2 and D = 1.
For fermions in 3-dimensions interacting via contact interactions L = ψ†
(
i∂t +
∇2
2
)
ψ − 4πaψ†↑ψ†↓ψ↓ψ↑, [a] = 1:
2E − 3P = [a]a∂P
∂a
. (16)
Now βPV = ln
∫
[dψdψ†]e−
∫
β
0
∫
V
dτd2x (L0+4πaψ†↑ψ†↓ψ↓ψ↑) so that differentiating the path integral w.r.t. a gives
[a]a
∂P
∂a
= −4πa〈ψ†↑ψ†↓ψ↓ψ↑〉. (17)
Plugging this into Eq. (16), we get Tan’s pressure relation:
2E − 3P = −4πa〈ψ†↑ψ†↓ψ↓ψ↑〉 = −
C
4πa
, (18)
where C = (4πa)2〈ψ†↑ψ†↓ψ↓ψ↑〉 is the Tan contact [6]. Eq. (18) was also derived using the Hellmann-Feynman theorem
and dimensional arguments in the canonical ensemble in [28]. Indeed, the energy E, Helmholtz energy F , Gibbs
energy G, and grand potential Ω are related by Legendre transformation that trades conjugate macroscopic variables
but leaves the microscopic parameters alone. Therefore:
6∂Ω
∂g
∣∣∣∣
µ,V,T
=
∂F
∂g
∣∣∣∣
N,V,T
=
∂G
∂g
∣∣∣∣
N,P,T
=
∂E
∂g
∣∣∣∣
S,V,T
. (19)
In fact, for the Lieb-Liniger model, where the N-body system is exactly solveable, it is more natural to work with the
density ρ instead of the chemical potential µ:
E = 1
6
π2
(
1− 4
γ
+
12
γ2
+
32
(
π2 − 15)
15γ3
)
ρ3 (strong),
E = 1
2
(
γ − 4γ
3/2
3π
)
ρ3 (weak),
(20)
where γ = 2gρ . By the third law of thermodynamics, along a zero temperature path, variations in the coupling γ occur
at constant entropy S, so twice the residual energy is:
g
∂E
∂g
= γ
∂E
∂γ
=
1
6
π2
(
4
γ
− 24
γ2
− 32
(
π2 − 15)
5γ3
)
ρ3 = g
〈(
ψ†(x)
)2
(ψ(x))2
〉
(strong),
=
1
2
(
γ − 2γ
3/2
π
)
ρ3 = g
〈(
ψ†(x)
)2
(ψ(x))2
〉
(weak).
(21)
C. Anomalies, no dimensionful parameters
A Fermi-gas in D = 2 has no dimensionful parameters in the Lagrangian, L = ψ†
(
i∂t +
∇2
2
)
ψ−Cψ†↑ψ†↓ψ↓ψ↑, [C] = 0.
Nevertheless, the system develops a bound state via dimensional transmutation, and the derivation of Eq. (3) goes
through with Ek = Eb, the bound state energy. Using cutoff regulariztion, the T -matrix is [29]:
1
T (E)
=
1
C
− 1
4π
ln
(−E
Λ2
)
. (22)
The bound state is special since T (E) blows up there, so that 1T (−Eb) = 0. Therefore plugging in E = −Eb into Eq.
(22) gives:
1
C
=
1
4π
ln
(
Eb
Λ2
)
. (23)
Taking the derivative w.r.t. Eb on both sides of Eq. (23):
−
dC
dEb
C2
=
1
4π
1
Eb
dC
dEb
= −C
2
4π
1
Eb
.
(24)
Therefore:
−2Eb ∂P
∂Eb
= −2Eb dC
dEb
∂P
∂C
=
C2
2π
∂P
∂C
. (25)
Now βPV = ln
∫
[dψdψ†]e−
∫
β
0
∫
V
dτd2x (L0+Cψ†↑ψ†↓ψ↓ψ↑) so that differentiating the path integral w.r.t. C we obtain:
∂P
∂C
= −〈ψ†↑ψ†↓ψ↓ψ↑〉. (26)
7Plugging this result into Eq. (25) and using 2E −DP = −2Eb ∂P∂Eb :
2E − 2P = −C
2
2π
〈ψ†↑ψ†↓ψ↓ψ↑〉, (27)
agreeing with [30]. The coupling is bare, but the RHS is finite, and both sides are RG-invariant.
In our example, for Eq. (5), the dimensionful parameter is the bound-state energy. If one has a pressure written
in term of bare parameters and cutoff P = P (C,Λ) or renormalized with scale µ, P = P (CR, µ), then it is not
correct to regard Λ or µ as a microscopic parameter with dimensions of momentum (L−1), because dPdΛ =
dP
dµ = 0, so
that there is in fact no dependence on these parameters. For our particular example, from Eq. (23), it is true that
2Eb
dC
dEb
= −Λ dCdΛ = −β(C) where β(C) is the beta function of the theory, so that Eq. (25) into our Eq. (5) would
give:
2E −DP = −β(C)∂P
∂C
, (28)
and comparison with Eq. (27) allows us to read off β(C) = C
2
2π .
V. CONNECTION WITH VIRIAL THEOREM
In previous work [20] we derived the virial theorem via path integrals, and then used the virial theorem to derive Eq.
(5). One can also work backwards from Eq. (5) to derive the virial theorem by following the argument backwards.
We reproduce the argument here. For a two-body potential U = 12
∫
dDxdDyψ∗(τ, ~x)ψ(τ, ~x)V (~x − ~y )ψ∗(τ, ~y)ψ(τ, ~y):
2E −DPV = V
∑
k
[gk]gk
∂P
∂gk
=
∑
k
[gk]gk
1
β
∂gk ln
∫
[dψdψ†]e−
∫
β
0
∫
V
dτdDx (L0+ 12
∫
dD~y ψ∗(τ,~x)ψ(τ,~x)V (~x−~y )ψ∗(τ,~y)ψ(τ,~y))
=
∑
k
[gk]gk
(−1
2
)〈∫
V
∫
V
dτdDxdDyψ∗(τ, ~x)ψ(τ, ~x)
∂V
∂gk
ψ∗(τ, ~y)ψ(τ, ~y)
〉
.
(29)
Denoting r = |~x − ~y |, one can show that −∑
k
[gk]gk
∂V
∂gk
= r dVdr + 2V (see appendix A). Plugging this into Eq. (29)
gives:
2E −DPV = 1
2
〈
ψ∗(τ, ~x)ψ(τ, ~x)r
dV
dr
ψ∗(τ, ~y)ψ(τ, ~y)
〉
+ 2 〈U〉
DPV = 2KE−
1
2
〈∫
dDxdDy ψ∗(τ, ~x)ψ(τ, ~x) [(~x− ~y ) · ∇~xV (~x− ~y )]ψ∗(τ, ~y)ψ(τ, ~y)
〉
,
(30)
which is the virial theorem [31–33].
VI. CONCLUSION
We have derived an expression for 2E − DP using only dimensional arguments, valid for classical and quantum
systems, for use in the grand canonical ensemble. We worked directly within the framework of thermodynamics,
not having to improve the stress-energy tensor and invoke hydrodynamics, but instead working directly with
thermodynamic variables. In the case of quantum systems, since the microscopic scales appear as coupling constants,
8or in the case of dimensional transmutation appear via the coupling constants,
∑
k
[gk]gk
∂P
∂gk
manifests itself as thermal
expectation values of the operators multiplying the coupling constants in the system’s Hamiltonian, which is manifest
in the path integral formalism. Finally, using the path integral, we’ve shown how dimensional analysis leads to the
virial theorem.
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Appendix A
The potential V (r) has dimensions [V ] = −2, so can generically be written:
V (r) =
f
(
gi
r[gi]
)
r2
.
(A1)
f is a dimensionless function whose arguments are the ratios of the couplings gi of V (r) to their length dimension [gi]
expressed in units of r.
r
dV
dr
= −2V (r) + 1
r
df
(
gi
r[gi]
)
dr
= −2V (r) − 1
r2
∑
i
[gi]gi
∂f
(
gi
r[gi]
)
∂gi
= −2V (r) −
∑
i
[gi]gi
∂V
∂gi
.
(A2)
Appendix B
At zero temperature for a homogeneous system, the grand potential Ω can be written as:
Ω = V µ
1+D/2
1 f
(
µ1
Ei
,
µ1
µj 6=1
)
, (B1)
where f is dimensionless function and µ1 is the non-zero chemical potential of one of the species. We calculate the
number of particles:
9N1 = − ∂Ω
∂µ1
∣∣∣
V,µj 6=1
= −(1 +D/2) Ω
µ1
− V µ1+D/21
∂f
(
µ1
Ej
, µ1µj 6=1
)
∂µ1
= −(1 +D/2) Ω
µ1
− V µ1+D/21

−∑
k
Ek
µ1
∂f
(
µ1
Ej
, µ1µj 6=1
)
∂Ek
−
∑
ℓ 6=1
µℓ 6=1
µ1
∂f
(
µ1
Ej
, µ1µj 6=1
)
∂µℓ 6=1


= −(1 +D/2) Ω
µ1
+
∑
k
Ek
µ1
∂
∂Ek
Ω+
∑
ℓ 6=1
µℓ 6=1
µ1
∂
∂µℓ 6=1
Ω,
N1µ1 = −(1 +D/2)Ω +
∑
k
Ek
∂
∂Ek
Ω−
∑
ℓ 6=1
Nℓ 6=1µℓ 6=1,
∑
i
Niµi = −(1 +D/2)Ω +
∑
k
Ek
∂
∂Ek
Ω.
(B2)
The energy E of the system at zero temperature is given by E =
∑
i
Niµi−PV which follows from the thermodynamic
identity E − TS + PV =∑
i
Niµi. Therefore
2E −DPV = 2
(∑
i
Niµi − PV
)
−DPV = 2
∑
i
Niµi − (D + 2)PV
= 2
(
−(1 +D/2)Ω +
∑
k
Ek
∂
∂Ek
Ω
)
− (D + 2)PV
= 2
(
−(1 +D/2)(−PV ) +
∑
k
Ek
∂
∂Ek
(−PV )
)
− (D + 2)PV
= −2V
∑
k
Ek
∂
∂Ek
P,
2E −DP = −2
∑
k
Ek
∂P
∂Ek
.
(B3)
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